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ABSTRACT 
A subpolytope I of the polytope s2, of all n X n nonnegative doubly stochastic 
matrices is said to he a permanental polytope if the Permanent function is constant 
on I. Geometrical properties of permanental polytopes are investigated. No matrix of 
the form l@A where A is in 8, is contained in any permanental polytope of fi3 with 
Positive dimension. There is no 3-dimensional permanental polytope of &, and there 
is essentially a unique maximal 2-dimensional permanental polytope of Qa (a square of 
side l/a ). Permanental polytopes of dimension (n2-3n +4)/2 are exhibited for 
each n > 4. 
1. INTRODUCTION 
Let 3, denote the set of all n X n nonnegative doubly stochastic matrices, 
that is, n X n matrices A with nonnegative real entries and all row and 
column sums equal to 1. The behavior of the permanent function on 3, has 
been studied extensively. Recently Wang [lo] considered the problem of 
finding distinct A, B E Q2, for which per [rA + (1 - r)B] = per A for all 0 < r < 
1. For distinct A,BEQ,, {rA+(l-r)B:O<r<l} is a line segment in the 
convex polytope Q2,. Hence Wang’s problem can be viewed geometrically as 
one of finding l-dimensional subpolytopes of Q,, on which the permanent 
function is constant. In this paper we answer questions raised by Wang and 
by Brenner and Wang [l] and extend the investigation to k-dimensional 
subpolytopes of L$, for k > 1. 
Following the terminology of Gtinbaum [8], a compact convex polyhe- 
dron with a finite number of vertices is called a polytope. If a polytope I1 is 
a subset of a polytope IYz, then we say that I1 is a subpolytope of Is. It 
is well known that a,, is a polytope in euclidean &space whose dimension is 
(n - 1)’ and whose vertices are the n X n permutation matrices. Many other 
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geometrical properties of Q2, have also been determined [2-S]. If l? is a 
subpolytope of Q2, such that perA = perk? for all A, B E r, then we call I a 
permunental polytope. 
Since no permanental polytope of positive dimension contains a permuta- 
tion matrix, it follows that no face of a,, of positive dimension is a permanen- 
tal polytope. Moreover no permanental polytope of Q2, of positive dimension 
exists for rr < 3. However, there are infinitely many l-dimensional permanen- 
tal polytopes of 9,. For 0 <s < f let l?r be the set of all 3 X 3 matrices of the 
form 
Clearly I1 is the line segment in G2, joining the two points 
Moreover, if A ET,, then expansion by the first column of A shows that 
perA = [s2+(l - s)“]/2. H ence it follows that l?r is a l-dimensional per- 
manental polytope of 8, for each 0 <s < f . 
If we interchange the first and third rows of each matrix in l?r for s = f , 
then we obtain the matrices M, given by Wang [lo]. For 0 <s < $, I’i 
furnishes a positive answer to the question raised by Wang [lo] of whether 
there exist distinct A, B E !J2, with per[rA + (1 - r)B] =perA for all 0 <T < 1 
such that A is not a convex combination of S = { i(3Js - Pk) : k = 1,. . . , S}, 
where PI,. . . , Ps are the 3 X 3 permutation matrices and Js is the 3 X 3 matrix 
with each entry equal to i. Let A = (aif) be a convex combination of S. Then 
there exist nonnegative real numbers cr.. . . , c6 such that 
A= 5 2(3J,-p,), 5 c,=l. 
k=l k=l 
If Pk = (pi) for k = 1,. . . ,6, then it follows that 
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fori,j=1,2,3.However,ifAErlforO<s<~,thenu,,=1-s>~,andthus 
A is not a convex combination of S. 
Another type of l-dimensional polytope of Cl& can be described as 
follows. Let A =(q) EC$ such that traceA = 2 and m, + m, >0, where 
m, = min { ur3,u2r, ass} and m2 = min{ urs, Us, uzl}. Define Ts to be all 3 X 3 
matrices of the form 
I 
%I a,,---t u,,+t 
a,,+t %2 %3--t , 1 -7nm,<t<m2. (1.1) u,l-t u,,+t a33 
Since m, + m, > 0, l?, is a line segment in at, joining the distinct points 
a11 a12 + ml a13 - ml 
a21-7% %!2 %3+m1 , 
a31 + ml a32-ml h 
I 
a11 %2 - m2 a13 + m2 
a2,+m2 a22 as-m2 . 
a31 - m2 u32+ m2 %3 1 
Let B be a 3 X3 matrix of the form (1.1). Expanding the permanent of B, we 
see that 
perB=perA+c,t+c2t2, 
where 
‘l= %(“32- %3)+ u31(a22-u23) +ul2(u33- u31) 
+ u32(“13- ull) + u23(“11 - ‘12) + a13(u21 - %2), 
Since traceA = $ and A E Q3, we see that 
c2= -2traceA+ 5 uij= -2($)+3=0. 
i,j=l 
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We now show that ci is also zero. Since A E 5Z2,, it follows that there exist real 
numbers x, y, z, w such that 
A= 
Then 
cl=( y+z)(r+2y+w-1)+(x+w)[1-(2x+y+z)] 
+(r+z)[1-(2x+ y+2w)] + y(x+2y+z+2w-1) 
+r[1-(2r+y+2z+w)]+( y+w)(x+2y+22-1) 
=3x-3y-6x2-4rz-4xw+6y2+4yz+4yw 
=r(3-6x-4z-4w)+ y(-3+6y+4z+4w) 
=( y-x)( -3+6~+6y+4z++w) 
=( y-x)[3-2(3-3x-3y-2z-2w)] 
=( y-x)(3-2traceA) 
Hence per B = per A for all B E l?a, and thus Tz is a l-dimensional permanen- 
tal polytope of G2,. 
The matrices Ma given by Wang [lo] are the matrices of I?, for A taken 
to be the matrix a (I + 3_Z3). 
2. BASIC PROPERTIES 
Let r be a permanental polytope of a,,. If P and Q are n x n permutation 
matrices, then it follows easily that { PAQ:A ET} is a permanental polytope 
of 52, congruent to r. Moreover, if AT denotes the transpose of a matrix A, 
we see that {AT:A Al?} is also a permanental polytope of G2, congruent to T. 
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The property that the permanent is constant on the line segment de- 
termined by distinct A, B E a,, can be characterized in terms of conditions on 
the subpermanents of A and B. Let M,,={l,..., n}. For k=O ,..., n, let Wi 
be the set of all subsets of M,, of cardinality k. If cx EM,,, let CX’ denote the 
complement of CY relative to M,,. Let A be an Nan matrix, and let 
LY,BEW,~. If O<k<n with o={i, ,..., ik} and B={jr ,..., jk}, let A[a;B] 
denote the k X k submatrix of A lying in rows i,, . . . , i, and columns ii,. . . , 
If O<k<n, matrices A and 
B we let 
s,(A,B) = c perA[ a$] perB(a;Ph 
&PEW,” 
where we take perA[0;@ = per B(M,,; M,) = 1. A result due to Brenner and 
Wang [l, Lemma 2.11 implies the following. 
THEOREM 2.1. Let A and B be n X n real matrices. Then per [rA + (l- 
r)B]=perBfor all O<r< 1 if and only if 
S,(A,B)=( ;)prB for k=O,...,n. 
Suppose that A EC&, such that A is not contained in any permanental 
polytope of positive dimension. Brenner and Wang [l] raise the question of 
whether A must be of the form P(J,,,@ . . * @J,)Q where P and Q are 
permutation matrices, and J,+ is the n, X n, matrix with each entry equal to 
l/n, for i=l,..., k. We now show for n =3 that there are infinitely many 
such matrices A not of this form. Our proof of this result uses three 
elementary lemmas. 
LEMMA 2.2. Let 
where O<s<i, w=k-.z, O<.z<k. Then 
if s<$ 
if s>i. 
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Proof. We have 
Therefore 
f’(z) = (1-4s)(2z- k), 
f”(z)=2(1-4s). 
f>f(O)=f(k)=(l-s)k2. 
Moreover, if s = a, then 
LEMMA 2.3. Let 
g(x)= -9+24s-24 s2-22x+(2-4s)y+(-1+4s)x2 
+(-6+8s)xy+(7-4s)y2, 
where O<s < $, and 
!I= 
1-2s x+ 2-5s+6s2 
2-3s+2s2 2-3s+2s2’ 
o<xf 241-2s) \ 
3-5s+2s2 ’ 
Then g>O. 
Proof. We have g’(x) = ax + b, where 
a= 
2( - 9 + 54s - 125~~ + 152~~ - 84s4 + 16s’) 
(2-3~+2s~)~ 
b= 2(-6s-4s2+S2s3-96s4+48s5) 
(2-3~+2s~)~ ’ 
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Thus 
Hence 
a<O, b<O VO<S<f. 
g>g 
2s(l-2s) 
3-5s+2s2 
= 8s3(9 -27s +32s2 - 12~~) 
(3-5~+2?)~ 
>o VO<s<$. 
LEMMA 2.4. Let 
h(x)= -2+5s-6s2+(-1+2s)x+sy-xy+(2-2s)y2 
where f <s < f, 
1-2s 2-5s+6s2 
Y= 
2-3s+2s2 
X+ 
2-3s+2s2 ’ 
o<x< w-24 \ \ 
3-5s+2s2 ’ 
Then h>O. 
Proof. We have 
h(0) = 
2s2(1+s-2s2)(2-5s+6s2) 
(2-3~+2s~)~ 
and 
= 2s3(9-27s+32s2-12~~) 
(3 - 5s + 2q2 
94 PETER M. GIBSON 
The lemma now follows from the fact that 
h,,= w-24(-3+24 <o 
(2-3s+2s2)’ 
v +s<;. n 
THEOREM 2.5. If A E Q2,, then the 3 X 3 doubly stochastic matrix B = l@ 
A is contained in no pemanental polytope of positive dimension. 
Proof. Since the result holds if B is a permutation matrix, we may 
assume that 
where 0 <s Q i. Suppose that B is contained in a permanental polytope I’ of 
Q, of positive dimension. Let C EI with CZB. It follows that the perma- 
nent function is constant on the entire line { TB+ (1. - r)C}. Hence there 
existsX=(xii)E~ssuchthatper[rB+(l-r)X]=perBforaIlO <r<landat 
least one of xii, xZZ, x,, xas, xss equals zero. According to Theorem 2.1 we 
have 3perB= S,(X,B). Hence, if xii=O, then 
3(1-2s+2s2)=( x22+x33)(1-s)+(x23+x32)s 
<2(1-s) 
<3(1-2s+2s2) VO<s<$; 
and if xz2=0 or x,=0, then 
3(1-2s+2s2)=x,,(l-2s+2s2)+(x,+x,)(l-s)+(x,+x,)s 
<(l-2s+2?)+(1-s)+s 
<3(1-2s+2s2) VO<s<& 
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Thus we may assume that xS = 0. It follows (for example, see [Z]) that we 
can express X as 
x= x+z y+w 0 1 
Y z x+w 
W x Y+z I 
where x, y, z, w are nonnegative with x + y + z + w = 1. Again using the fact 
that S,(X,B)=3perB, we find that 
Therefore, since 1c + y + z + w = 1, 
Y= 
1-2s x+ 2-5s+6s2 
2-3s+2s2 2-3s+2s2 * 
(2.1) 
Let D= S,(X,B) -3perB. According to Theorem 2.1, D=O. We complete 
the proof by showing that in fact D >O. We have 
D=(l-s)[ y( y+z)+w(x+w)+ y( y+w)+z(x+z)] 
+(Y+wNY+4 
+s[xy+zw+(x+z)(x+w)]-3(1-2s+2s2). 
Since x + y + z + w = 1, it follows that 
+(l-s)z2+(1+2s)zw+(1-s)w2-3(1-2s+2s2). 
We consider two cases. 
Case 1. O<s d f. In this case it follows from Lemma 2.2 that 
D>x+(2-s)y+(s-1)x2+(2s-3)xy+(l-s)y2 
+$(1-z- ~)~-3(1-2~+2s~). 
96 
Hence 
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40 > -9+24s-24?-2x+(2-4s)y+(-1+4s)x2 
We have 
x+y<x+y+z+w=l. 
Therefore using Eq. (2.1), we find that 
x < 2s(l-2s) 
’ 3-5s+2s2 ’ 
It then follows from Lemma 2.3 that D >O. 
Case2. $<s<i. Using Lemma 2.2, we see that 
D 2x+(2-s)y+(s-1)x2+(2s-3)xy+(l-s)y2 
= -2+5s-6s2+(-1+2s)x+sy-xy+(2-2s)y2, 
and it follows from Lemma 2.4 that D > 0. n 
As we saw in the proof of the preceding theorem, it is sometimes useful 
to consider extens$ns of permanental polytopes. Let I be a subpolytope of 
Q,. Then the set I of all affine combinations of elements of I is a convex 
polyhedron in euchdean n2-space. 
THEOREM 2.6. Zf I’ is a pennanentul polytope of ii,,, then perA =perB 
for all A,B Er. 
This theorem follows immediately from the foIIowing. 
LEMMA 2.7. Let A 1 ,..., A,EQ,,, where k>2, and suppose that per 
(r,A,+-.a + r,A,) = perA, for all nonnegative rl,. . . , rk with ri + * . . + r, = 
1. Then per (siA, + - * * + +A,) = per A, for all real sl, . . . , s, 
with s,+-.+ +s,=l. 
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Proof. Let t,,..., tk be nonnegative real numbers with ti >0 for some 
l<i<k. Let 
5 r. = - 
’ j$l 4’ 
i=l,...,k. 
Since rr,..., rk are nonnegative with pi + . . . + rk = 1, we have 
per(trAi++.* +t,A)=per (~1 Ai + . . . + r&J 
= 
Therefore, 
per( t,A, + . . . +tkAk)=(tl+*-. +t,J”perAi (2.2) 
for all nonnegative real numbers t,, . . . , tk with tj >0 for some 1 <i < k. 
Hence, (2.2) must hold for all real numbers t,, . . . , t,, and thus the lemma 
follows. n 
Let I be a permanental polytope of !&,. We see from Theorem 2.6 that 
r n Q,, is also a permanental polytope of G2,. Moreover, if dimp = d, then 
T n Q, is the largest d-dimensional permanental polytope of_Q,, containing I. 
We say that I is a full permanental polytope of 8, if r = r n 52,. 
3. MAXIMAL PERMANENTAL POLYTOPES OF 9, 
Examples were given earlier of l-dimensional permanental polytopes of 
Qt,. We now exhibit a 2dimensional permanental polytope of 0s. Let ip, 
consist of all A = ( uij) E Q2, for which 
2 a,,=,, 2a,+a,,+a,,=$. (34 
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Let A E @a. It then follows from (3.1) that there exist real numbers x and y 
for which I 8 
A=& 2y 
2x 4-2x 
7-x-y 5+x-y ) 1 o<x<2, o<y<2, 4-2~ 5-x+y 3+x+y 
and we see that perA = 5. Thus as is a permanental polytope. Moreover we 
see that @s has dimension 2. Indeed, it is easy to verify that Q3 is a square of 
side 1/ fi with vertices 
REMARK. Edward T. H. Wang communicates that Peter L. Montgomery 
discovered that the permanent is constantly equal to $ on the set @s. 
For i,i = 1,2,3, let @y denote the set of all 3 ~3 matrices obtained by 
interchanging rows 1 and i and columns 1 and j of the matrices in @s. It is 
easy to prove the following. 
LEMMA 3.1. Let i,jE{1,2,3}, and let P and Q be 3x3 permutation 
matrices. Then {AT:AE@l} =a!, and {PAQ:AE@i} =a? for smz u, 
u~{1,2,3}. 
We now show that no 3-dimensional permanental polytope exists, and 
that the nine congruent permanental polytopes @!j (i, j = 1,2,3) are the only 
2-dimensional full permanental polytopes of Q2,. 
THEOREM 3.2. Let IY be a permunental polytope of &. Then dim I < 2. 
Moreover, if dim P = 2, then r is a subpolytope of @ fur some i, i E { 1,2,3}. 
Proof. It suffices to prove the theorem for r a full permanental poly- 
tope. Let P be a full permanental polytope of Q2, with dim P > 1. Then there 
exist p,qE{1,2,3} such that I’ = {A = (a,) E IT : ap4 = 0} is a face of r with 
dim P’ > 0. Suppose that ( p, q) = (3,l). S ince rf is a permanental polytope of 
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positive dimension, it follows that there exist district A, B E I’ such that per 
[(l - r)A + rB] = perA for all real r. Let D = B-A. We see that A and D 
may be expressed as 
a b y+z w x 
d > 
bzd a+c 1 I DC W+X lj 2 0 X+,2 w+Y 
where a,b,c,d are nonnegative with a+b+c+d=l and w+x+ y+z=O. 
Since w+x+ y+z=O, we have 
perD=( y+z)[ y(w+y)+z(x+z)] 
+(w+x)[w(w+ y)+x(x+z)] 
=( y+z)(w+ y)( y-z-w+x) 
=2(y+z)(w+y)(x+y). 
Since per(A + TD) = perA for all real r, an argument similar to the one used 
in the proof of Theorem 2.1 shows that per D = S,( D, A) = 0. Hence 
Suppose that x+ y=O. Since w+x+ y+z=O, we also have 20+x=0, and 
thus 
-w--x W x 
D= w+x -X --w * 
0 -w+x w-x 1 
It then follows that 
S,(D,A)=(c+d)(x2-2xw+w2)+a(w2-x2)+b(x2-w2) 
+(a+b)(w2-2wx+~2)+~(~2-w2)+d(w2-x2) 
+(b+d)(w2+2 wx+x2)+(a+c)(x2+2xw+w2) 
=(3a+b+c+3d) w2+(a+3b+3c+d)x2. 
Since per (A + rD) = perA for all r, we see that S,(D,A) = 0. Hence, since 
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a, b, c,d are nonnegative with at least one of them positive, it follows that 
w = x = 0, which contradicts D # 0. Therefore, x + y #O, and thus 
(y+z)(w+y)=O. 
Suppose that w + y = 0. Since w + x + y + z = 0, it follows that 
I 
y-x -y x 
DC X-y y --x . 
0 0 0 1 
Suppose that y = x. Then 
and thus 
S,(D,A)=x[(a+b)(b+d)+(c+d)(a+c) 
-(a+b)(a+c)-(c+d)(b+d)] 
=x[(a+b)-(c+d)][(b+d)-(a+c)]. 
Therefore, since S,( D,A) = 0 and x #O, it follows that a + b = c + d = f or 
b+d=u+c=i. We may assume that a+b=c+d=i. Then 
Let M = (m,,) E I?. It follows that 
per[rA+(l-r)M+srD]=per[r(A+sD)+(l-r)M]=perA 
for ah r and s. Hence the coefficient of s2 must be zero when per 
[ rA + (1 - r) M + srD] is considered to be a scalar polynomial in s, that is, 
r2x2(1 - r)m3, = S,(rA+(l-r)M,rD)=O 
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for all T. Therefore, since x # 0, we have ms, = 0. Hence, since the coefficient 
of rs must be zero when per [ rA + (1 - 44) + SD] is considered to be a scalar 
polynomial in T and s, we see that 
’ = m21m32 + m11%3 - m21m33 - mllm32 
= m21 ( - %lNm32 - %3)7 
and thus 
ml1 =m,,=i or m,,=rn%=i. 
Similarly, since the coefficient of r2s must be zero in per[rA + (1 - 44) + 
ND], we see that 
and thus 
ml1 
1 
=m,,=, or ~,,=a,=+. 
Therefore we conclude that 
m 11- -m21=ull=u21=~ or m3,=m,=u3,=u,=~. 
We may assume that m,, = m21 = a,, = u21 = $. It then follows that 
for all r. Thus 7ns2 = u32 and m, = ass, and it follows that M-A = tD for 
some real number t. Therefore I is a subset of the line {A + tD }. This 
contradicts dim I > 1. Hence y #x. 
We now have 
y-x -y x 
D= X--Y Y --r , 
I 
yzx. 
0 0 0 
It then follows that 
O=S,(A,D)=2(x-y)[(b+d)x-(u+c)y]. 
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Therefore, since y #x, 
(a+c)y=(b+d)r. 
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(3.2) 
We have 
0= S,(A,D) 
=(x-y)[(a-c)(a+c)+(b-d)(b+d)] 
+y[(c++b+b)]( a+c)+x[(u+b)-(c+d)](b+d). 
Hence, since y#x, it follows from (3.2) that 
(a-c)(u+c)+(b-d)(b+d)=0. (3.3) 
Suppose that u+c=O. Since u+b+c+d=l, we see that b+d=l, and it 
follows from Eq. (3.2) that x = 0. Therefore y #O, and we see that B = A + D 
has a negative entry in either the (1,2) or the (2,2) position. This contradicts 
B E 51,. Hence a + c#O. A similar argument shows that b + d#O. We see 
from Eq. (3.2) that 
b+d 
Y’ - Lx. u+c 
Since y #x, we see from this equation that b + d #a + c. Therefore, it follows 
that there exists a real number s such that 
u+c=$-s, b+d=$+s. O<IsI<& (3.4) 
Let 
(u+c)(u+ b) 
A1=A+ x[b+d-(a+c)] D7 
A 
2 
=A+ b+4[a+Wc+d)] 
2x[b+d-(u+c)] Dy 
(a+c)(c+d) 
A3=A+ x[a+c-(b+d)] D* 
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Then A,, A,, and A, are points on the line {A + rD}. Using (3.3) and the 
property that a + b + c + d = 1, we can express these points as 
1 
-(a+~)‘-(b+d)2 
2[b+d-(a+c)] 
A,= 0 2(b+d)-(a+c)2-(b+d)2 
2[b+d-(a+c)] 
10 b+d 
(u+c)2+(b+d)2 
2[b+d-(u+c)] 
(u+c)2+(b+d)2-2(u+c) 
2[b+d-(u+c)] 
u+c 
1 b+d-(a+c)2-(b+d)2 -(u+c)+(a+c)2+(b+d)2 
2 2[b+d-(u+c)] 2[ b+d-(u+c)] 
A,= 1 b+d-(u+c)2-(b+d)2 -(u+c)+(u+c)2+(b+d)2 ’ 
2 2[b+d-(a+c)] 2[b+d-(u+c)] 
0 b+d u+c 
o 2(b+d)-(u+c)2-(b+d)2 
2[b+d-(u+c)] 
A,= 
1 
-(u+c)2-(b+d)2 
2[b+d-(u+c)] 
0 b+d 
It then follows from (3.4) that 
1 b -l-4s2 
(u+c)2+(b+d)2-2(u+c) 
2[b+d-(u+c)] 
(u+c)2+(b+d)2 
2[b+d-(u+c)] 
u+c 
1+4s2 1 
Al=& o I 1+4s-4S2 -1+4s+4s2 9 0 4s + 8s2 4s - 8s2 J 
1 2 1-2s 1+2s 
A2=z I 2 1-2s 1+2s , 
0 2+4s 2-4s 
I 
i 
0 
43-d 8s 
l-t4s-4s2 -1+4s+4s2 
-l-4s2 1+4s2 3 
0 4s + 8s2 4s-as2 1 
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Let M=(mii)er. For k=1,2,3, we have and 
thus it follows from Theorem 2.1 that S,(M,Ak)=3perA,=3(1+4s2)/4. 
16s2 + 
+ (8~~ 32s4)%, + (1 - 16s4)m3, 
+ ( - 4s + 16s’ + 16s3)m3, + (4s + 16s2 - 16s3)m,, 
as well as the equations 
5 mik= 1= $, %-+ i= 1,2,3. 
k-l 
It is not difficult to show that this system of linear equations is equivalent to 
the system 
l= ml1 + mzl + m31, 
l=m,,+m,+m,, 
l=m,,+m,+m,, 
l=m,,+m,+m,, (3.5) 
16s’ + 64s4 = ( 16s2 - 32s3)m, + ( 16s2 + 32s3)m, + (1 - 8s2 - 48s4)m3, 
+ ( - 4s + 16s2 + 16s3)m, + (4s + 16s2 - 16s3)%, 
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1=m,,+m,,+m,, 
16s2= ( - 1 - 12s2)m3, -t 8sm3, - 85m,, 
128~~s (2~16s2-96s4)m3r + (-8s+ 16s2+tis3)m32 
+ (8s + 16s2- 644~~)rn~. 
Since 0 < IsI < i, if s # 2 i, then it follows that the eight equations in this 
system are independent, and thus the system has only a l-dimensional set of 
solutions. Hence if s # 5 $ we get a contradiction to dimp > 1. Therefore 
SE_” 
6’ 
Let s = f . Then the system (3.5) reduces to 
1= m,1+ m2, + m,,, 
1= q2 + m2, + m32, 
1=m,,+m,+m,, 
1=m,,+m,,+m,, 
10= 671x33 + 12T?Z, + 15m3, - Sm,, + 2lm33, 
1=m,,+m,,+m,, 
1 = -3m,,+3m3,-3m~, 
1 = 15m3, - 6m32 + 15m,. 
Solving this system and using the property that the entries of M are 
nonnegative, we find that there exist real numbers u and u such that 
i 
-u+; 2u+u-; -u-u+1 
M= u+v-+ -2u-u+; u 
I 
> 
-U+$ 2 3 V 
where 
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Thus in this case we see that I’=@s . 32 If s = - i, a similar argument shows 
that I = a?. The theorem now follows from Lemma 3.1. H 
4. LARGE DIMENSIONAL PERMANENTAL POLYTOPES 
For each integer n > 3, let a’, consist of all A = (uij) E Q,, for which 
2 
q1= 3’ 2a,,+a,,+a,,=~, 
C&1=+, uij=o, 4Gi <n, l< j<i-2. 
It was shown in the previous section that a3 is a 2-dimensional full 
permanental polytope. We now extend this by showing that Qr, is a full 
permanental polytope of dimension (n2 -3n +4)/2 for every n > 3. It is 
convenient to use properties of transportation polytopes in determining the 
dimension of Q,,. Let R = (ri, . . . ,rm) and C= (c,, . . . , cm) be vectors of positive 
real numbers such that rr + * . + + r,,, = ci + * * . + c,. The trun.sportation poly- 
tape [6,9] P(R;C) is th e set of all 778 X n nonnegative matrices with row sum 
vector R and column sum vector C. 
THEOREM 4.1. For each n > 3, a,, is a permanental polytope of dimen- 
sion (fl”-3n+4)/2. 
Proof. We obtained the n = 3 case of this theorem in the preceding 
section. Let n > 4. Define the vectors R = (r,, . . . , r,_ J and C = (cr, . . . , c,,) by 
letting 
rr=$, r2=r3=1, ri=$, i=4 ,...,n-1 
cl= 5 3 c,=l 3 ci=;, j=3 ,a.., n. 
Let $i be the face of the transportation polytope P(R; C) consisting of all 
B = (bit) E I’(R ; C) for which 
b,,=I$=O, i=4 ,..., n-l, j=l,..., i-l. 
Let G2 be the polytope consisting of all B E & for which 
2b,,+b,,+b,,=$. 
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Let M, = (m,J be the 1) n with 
ml2 =m,,=,, m,,= 2, m3n =mji=i, i=3 ,...,n-1. 
We see that Ml E $I but M, is not in the affine hull of the subpolytope 4s of 
I/$ Thus 
dim 4s < dim #r (4.1) 
Define faces I,L~ and I,L( of 4s by letting 
Then we have 
dim q4 < dim q3 < dim 4s. (4.2) 
Define the vectors R ’ = (I;, . . . , T; _ 1) and C’ = (c;, . . . , CA) by letting 
r;= 1 3’ r;= 12, 5 r;= 1, r,( = 1 2’ i=4 ,...,n-1, 
CT;=;, c;=& pf, j=3 ,...,n. 
Let I& be the face of the transportation polytope I’(8 ‘; C’) consisting of all 
B = ( bi J E r( R ‘; C’) for which 
b,, = b,, = b,, = b,, = bj i = 0, 
i=4 ,...,fZ--1, j=l,...,i-1. 
Observe that I/& is a translation of #Jo, and thus 
dim#;=dim$,. (4.3) 
It follows from well-known (for example, see [5] or [7]) properties of the 
dimensions of faces of transportation polytopes that 
dim+;= ?Q.!?!, dim+ 1 = n2--3n+6 2 * 
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Therefore, since (4.1), (4.2), and (4.3) hold, we see that 
dim$,=2+dim$i= 
n2-3n-t4 
2 . 
For each A = (a+$ E Cp,, let f(A) = B = (hii), where B is the (YZ - 1) X n matrix 
obtained from A by removing row n and replacing a,, and u+,~_~ for 
i=4 ,..., n-l by zero. Thenf:Q, --++L2 establishes a congruence between Qp, 
and q2. Thus dim Q,, = (n2 - 3n -t 4)/2. 
We now prove that the polytope a,, is permanental by showing by 
induction on n that 
perA = !p-n VA E@,. (4.4) 
This result was obtained earlier for n = 3. Suppose that (4.4) holds for n = k, 
and let A EQk+l. We par&on A as 
Expanding by row k + 1 of A and using the property that the permanent is 
linear relative to columns, we have 
perA= iper[A,, Azj + &mfA,, AZ] = iper[A,, A,+A,]. 
It is easy to see that the matrix [A,, A, + Aa] is in cti,, and thus it follows that 
(4.4) holds for n = k + 1. n 
Let 9’, denote the set of all pe~anental polytopes of Q,,, and let 
6,,=max{dimI:IE??,,}. 
We have 6, = 0, 6, =2, and it follows from Theorem 4.1 that 6, > (n2 - 3n + 
4)/2 for all n > 4. Is S,, = (n2 - 3n t 4)/2 for all n > 47 We do not know the 
answer to this question, but it can be shown that the permanental polytope 
Qt, is not contained in any higher dimensional permanental polytope of Q,,. 
THEOREM 4.2. Zf ME&, such that per[rA+(I-T)M]=perM @r a22 
AEiP, andO<r<l, then ME@,. 
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Proof. We use induction on n. We have seen that this theorem holds for 
n=3. Let n>3, and suppose that M = (mji) E 3, with per[rA + (1 - r) M] = 
perM for allAE@” and O<r< 1. Let B=(b,,)EQ,, such that b,,>O except 
when 4<i<n, l<i<i-2. Let C=(cii) be the nxn matrix with cii=O for 
all i and j except ~r,~_r=c,_r,~=l and ~r,,=c,_r,~_~= -1. There exist 
E > 0 such that 
Thus per[r(B+xC)+(l-r)M]=perM for all O<r<l, and it follows from 
Theorem 2.1 that S,_,(B+xC,M)=nperM for all x with Ix]<E. Therefore, 
considering the coefficient of x2 in S, _ r(B + XC, M), we see that C?,,$n,,i = 0. 
Therefore, since mni > 0, we see that 
m”i=o, j=l,...,n-2. (4.5) 
Let D = (dii) be the n x n matrix with dii = 0 for all i and j except d,, = d,, = 
d,,, _ r = dan = 1 and d,,,_ r = d,, = d,, = da1 = - 1. There exists E > 0 such 
that 
Thus per[r(B + xD) + (1 - r)M] = per M for all 0 <T < 1, and it follows from 
Theorem 2.1 that S,_,(B+xD,M)=nperM for all x with IX]<&. Therefore, 
since (4.5) holds, considering the coefficient of x3 in S,_ r(B + xD, M), we see 
that m,,, _ r - rn,,” = 0. Hence, since m,,n _ 1 + rn”,, = 1, we see that mn,n _ r = 
m,,=f. Therefore, M has the form 
M, M2 M3 
M= 
I 
0 ; f’ 
Let A E O’, _ r. Partition A as 
A=[&&], 
where A, is an (n-l)X(n-2) matrix. Let 
A.=[ “d “12 ‘f 1. 
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Then A/E@“, and thus per[rA’+(l-r)M]=perM for all O<r<l. Let 
M’= [M,, M,+ MJ. Then 
per[rA+(l-r)M’] 
rA,+(l-r)M, 
=2per 
I 
0 1 1 z ii 
=2per(rA’+(l-r)M) 
=2perM 
=per[ M,, Mz+ MS] 
=perM’ 
for all O<r<l. Thus we see that M’E&?_~, and per[rA+(l-r)M’]= 
per M’ for all 0 <r < 1. Hence, if the theorem holds for n - 1, then we must 
have M’ E a’,_ 1, and it follows that M ~a,,. Therefore, the theorem holds 
for all n > 3. n 
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